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The problem of behavior of an unsteady surface wave in an inhomogeneous,
linearly deformable elastic medium is considered, Investigation of the surface
wave fronts is based on the ray representations of the wave, regarded as a line
of discontinuity of the displacement derivatives propagating along the bound-
ary surface. A system of partial differential equations is reducedusing the
methods of the theory of discontinuous solutions together with the dynamic,
kinematic and geometrical conditions of compatibility, to an ordinary differ-
ential equation in terms of the wave intensity, with the velocity of this wave
coinciding at every point of the inhomogeneous surface with the Rayleigh vel-
ocity, This equation is supplemented by a system of relations characterizing
the change in the geometrical parameters of the surface front in the course

of the propagation. Specific models of the stochastic media are considered
for which the processes under investigation are Markovian and can be describ-
ed with help of the methods of the theory of multidimensional Markovian
stochastic processes, Conditions are established concerning the character of
the distribution of the surface inhomogeneity, which admit the application

of the Markovian approximation, When the wave propagate through randomly
inhomogeneous media, the presence of free boundaries leads to appearance

of a number of the boundary phenomena sufficiently well defined in  some
boundary zone [1—4], The appearance of waves propagating along the free
surface is connected with the possibility .of existence of inhomogeneous waves
near the boundary [6—7]. The harmonic surface waves in randomly inhomo-
geneous media were studiedin [8] with help of the approximations of the geo-
metrical optics (short waves), and in [1] within the framework of the method
of effective parameters (long waves), An approach based on the use of the
Markovian approximations was developed in [9] for investigating the process-
es of propagation of volume waves,

1, Let an inhomogeneous isotropic medium the elastic moduli of which depend
randomly on the coordinates, be bounded by an arbitrary, sufficiently smooth bound-
arty § . Usingan " -coordinate system attached to the free surface §, we can
write the dynamic relationships in the form

Vo, —puw =0, i=1,23 (1.1
0 = MWaubGy; + p (Vius + Vi)

798



Propagation of surface waves through a medium 799

O'ijnj == O, =S

Here u; denotes the displacement vector, O;; is the stress tensor, A ("), p (z),
p (z") are the elastic moduli and the density of the medium, G,; is the metric
tensor of the system 2" and is chosen as follows; z' and z2? are the curvilinear
coordinates on 8, z%is the distance along the normal in the inward direction, while
V? and V;; denote the contravariant and covariant tensor differentiation in the
metric of z".

The presence of a boundary surface means that inhomogeneous waves may exist
in the medium., When we say an inhomogeneous, first order wave, we mean by this
a one-parameter family of directed complex surfaces X on which the displacements
are continuous, but their derivatives may have a discontinuity, The dynamic, kine-
matic and geometrical conditions of compatibility all hold on X, At every point
of the medium in question the longitudinal and transverse surfaces of discontinuity
AL (¢ = 1, 2) propagate in the directions of their normals at the rate

e = {(M + 2p) / p}s, ey = (n/ p)s

Let us derive the conditions needed for the existence of first order surface waves
on S. We use the term "surface wave" to describe a one-parameter family of real
curves ! on which the displacements defined on § are continuous, while their first
derivatives have a discontinuity on passing across I. We denote by [fln (k =

1, 2) the jump in the value of the function f at the surface X®, and by [fl,
the jump in the value of f at the line ], Here and henceforth the index (1) will
refer to the relations on the longitudinal wave, and (2), to relations on the transverse
wave, The surface waves are constructed in the form of a linear combination of the
inhomogeneous longitudinal and transverse waves, and as a result of this we seek the
jump at the surface S in the form of a sum

lfls = {ﬂ(l) -+ [ﬂ(g) (1, 2)
The last two equations of (1, 1) yield
{G‘i,‘f']s nf =0 ) (1.3)
[03i]s = M [Vt")s Gij 4 1 (1V;u5)s + [Vuils)
The relations (1, 3) with (1.2) and the conditions of the first order compatibility [10]

k
Vi) = 0vilay  0F = [Vam] v o

where vi;k’ are the components of the-normal to 2%, all taken into account, are

written in the form

Aoyt - p (vt 4 olvy)n gy 4 p (o9 4 otv)nd |g = 0 (1.4)
We arrange the  z"-coordinate.system in such a manner, that the normal vector B
has the contravariant components (0, 0, 1) and choose the parametric net on S so that

the coordinate ' determines the time of propagation along the surface ray, and
x? characterizes a point on [ , Then at the points belonging to § we have

vgk) — VB — (1.5)

On the transverse wave we have @ ivi ](2) = () , consequently for the covariant and
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contravariant components of the wave vector we obtain

0y = —kvPe, 0, =" /¢ (1.6)
o' = —kvip /e, o= kviye, k = (o0')%
On the longitudinal wave we have

1 i ' i
w; = ov’, o = oV,  © = (005 (L7

where k and ® denote the intensities of the volume waves, determined as the moduli
of the wave vectors "

In the course of deriving (1.6), we assumed that at the points belonging to S
Gn=7¢, Gyp=1, G;=0
where ¢ is the rate of propagation of the front [ along the ray on  S.
Using (1,5)—(1.7) we transform (1.4) to the form
20 (VIvg)) T k (vIvy — v¥vy) /e =0 (1.8)
o (A -+ 2uvvg)) + 2kp (Vivi)ey /e =0

The physical components Ny, and the tensor components of the normal vector v
are connected by the following relations;

Vik) = Nigy(Gu)™"*,  vigy = Nigoy (Gu)s, k=1,2 (L9
Nigy = cy/er Nagy = i{leqy/e)* — 1), Nogy =0, e<cw

Taking (1, 9) into account, we can write the conditions of existence of nonzero solu-
tions of (1, 8) in the form

2 2 s 2 1y
i 2 4 [ Sy
( 02) -.5_2-) _—(E‘( o _1) ( éi —1) =0 (-39
(¢

Equations (1. 10) which determines the velocity ¢ at every point of the surface, co-
incides with the Rayleigh equation. An analogous result was obtained in [6] for an
inhomogeneous medium whzre the representations of the high frequency asymptotics
were used in somewhat different form,

Let us write the general solution of the system (1. 8) with condition (1. 10), in the
form

0= — (Vv; — VV))ox /¢, k=2 (vIvy)myy (1.11)

and call the quantity "¥. which completely defines the discontinuity at the boundary,
the intensity of the surface wave,

Let us see how X varies along the surface ray, To do this, we use the second
order dynamic conditions of compatibility as well as the kinematic and geometncal
conditions at the surfaces (%) given in the parametric form by z*' = 2* (y{i), y(k),

)

[0ilen’ =0, [0i)= gl (035"l (1.12)
Lo = AV Gis A (Va5 100 4 [V 1)
Voiilgo — e (w1l = 0 (1.13)

[Viaiilay = A [VIV,0R1 00 Gij -+ ([P Vitilan + [V V5u5]0)



Propagation of surface waves through a medium 801

[Vau Iy = (—W iCy -+ Dw;/ Dt) vj— c(k.,gﬁ&ﬁ(‘)2 alip — gaﬁx‘mw‘c’a ‘(k) (1.14)
{ut. I(k) = W{C(k)‘ — ZC(k)Dﬁ% | Dt — O),DCO;) | Dt I(k)
[V'Vii] = Wiv've + g%0;, o (Viaug 4 Vi) — 0% g0y 2iezgVn |0y

.'13‘-)“ == (9x‘/0yf5, Zig = Gikxﬁk, Lo = xaizis

Here the greek indices assume the values 1 and 2, the latin indices 1, 2 and
3, and the derivative D / Dy, is defined in [10].

Relations (1. 13) and (1. 14) yield the expressions for the characteristic second
order quantities W( " — = [V,Vu;] + ny . and the transport equation for the volume
waves

Wi = Wav™; -+ 0,08%xi5 — 20c0)8%zigcr),00 / (A + 1) |y (L. 15)
W™ = — ©/ag®Zng — 20cmg™2p"c (2,000 [ (A + 1) |2) —

00 / (A 4 1)
Doy | Dt — cgyQa; + oD Inecyy /2Dt =0 (1. 16)

Substituting (1. 14) ainto (1, 12) and taking into account (1, 15), we obtain a system
of inhomogeneous equations in Wy, = (W , W'Y}, W= (W W&, with a deter-
minant which is equal to zero by virtue of (1. 10).

The necessary and sufficient condition of existence of a solution of this system
has the form

2Q1 (@, k) (V¥vy)@y — Qa2 (@, k) (v'v1 — ¥3v5)) = 0 (1.17)
Q1 = B+ (aopv* + 25 KP + VoI / 1)
oz = B* + 2(@¥)w E? 4-M

= nl 2 (G L™ + (L + Gk‘GJ I

k=1
o (Dﬁ)"/Dt) V; — g“ﬁcmm,a Zip
KP = peqyg® {0, + (b + 20),00 /(A + whw
I = peg) {8%s™ (0n, a + Pan) /(M - 1) — o0 [ (M + Pl
Passing now in the expressions for ¢, and Q: from the coordinates y}k), y?k) and
the derivative D / Dt |y, associated with the surfaces  Zg, to a single co-

ordinate system governed by the geometry of the curve [ and surface S, and
replacing © and k by Y, with (1,11) and (1, 16) taken into account, we obtain

the following equation for X = |y | from (1.17):
ax , 4 ding) t dlnR
[V, e ot = . 8
at T XtoT & X=0 (1.18)

B = c NN, (1 — Now)™ {— 6NN is (1 + N ) +
4N%2)1N%2)3 + 2Ny (N — 2N&E}
Here d/ ds = ¢ D / Dt is the derivative along the surface ray and g% is the
corresponding component of the first quadratic form of S characterized by the

geometry of the surface wave front (divergence of the surface rays).
Let us write the solution of (1. 18) in the form



802 N. P. Bestuzheva and A, V. Chigarev

X = Xo(e8"/ g (Ro/ B, ¢5" = g5(0), Ry =R(0)
Suppose that § is a plane, In this case we have
—dIn g /ds = 4Q, dQ/ds = 2Q% + g%, /¢ (1.20)
Coz/ ¢ = (lg ¢) o + (In¢),? = N (5)

where Q denotes the mean curvature of the cylindrical surface with the directrix |/
(see [9]).
The system (1. 18), (1.20) is closed and determines the solution X (s}, Q (s),
&2 (s)for the given initial conditions and velocity ¢ (s), in a unique manner,
Introducting the variables

(1.19)

Lo = (X/ X)) (BR/ Ro)?, Gy =dE,/ ds (.21
we obtain the equation for {; in the form
d 3z o
DL B AN, O)=1, LO) =G (1.22)

The system of equations (1. 21), (1.22) enables us to determine the surface wave inten-
sity as a function of the length of the ray §. The coordinates of the points lying on
the ray satisfy the relations

dr/ds=w, dv;/ds= —g¥z;, (Inc), (1, 23)

where r = {z;, z,} is the radius vector of the pointson §, z; and z, are the
Cartesian coordinates of the surface, and v is the normal to [ in the plane S.

2. Since the relations (1. 18), (1.20) are not linear, the stochastic approach leads
to an infinite system of interlinked momentum equations which require a specified
procedure for closing [2,4, 11]. Let us consider the problem of using the Markovian
approximations to describe the process of propagation of a surface wave, We make
use of the equations (1, 21), (1.22), writing them in the form

At /ds = @, (Emy)y i=1,2,. . .m (2.1)

where 7; () denote the nonlinear functions of  ¢(s), ¢u)(s), ¢z (). In the pres-
ent case these functions are N (s) or In R. We assume that 1; (5) are steady
random functions with rational fractional spectral densities, In this case m; (s) sat-
isfy the equations
dn;/ds=Fy(m) + G (m) e, J=1,2,....m, (2.2
g (> =0, <@ () gn(s)) =08(s—5)Apn/n
where F; and G; are arbitrary functions, and g (s) is "white noise".

Relations (2., 2) which are used to define the model of a stochastically inhomogen-
ous medium for a particular choice of the functions F; and ¢; can be called, in
analogy with [12], the equation of "shaping filter”. We use this term here in the
sense that every shaped model filters out some definite frequencies from the perturba-
tions propagating through it. If F;= 0, G; =1, then %;(s) is a normal Wiener
process [12],
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Increasing the number of the variables §; on account of the functions 1; (s),
we shall write the relations (2, 1), (2. 2) in the form

dEm/dS :hm (gk) +fm (qk', gl\‘)s m:1923' .y n1+ R, (2'3)
For the equations (1.21) and (1. 22) and the Wiener model
dis/ ds = q(s), §; = 4N (2.4)
the components of  the vector functions E;, z; and f; are
(3.2
§ = {Clv C;Zs Qa}a h= J[—i% -+ C3v ‘:11 O} (2.5)

f=10,0,q(s)

In deriving the system (2.3), (2.5) we made the assumption that the nonlinear fun-
ction N canbe O§-correlated with the elastic velocities ¢ (s), €@ (s) and ¢y (9)
along the ray. As we know [2, 12], the random quantities satisfying the first order
differential equations of the type (2,3) are Markovian, and the probability distribution
of these quantities is described by the Fokker-Plank-Kolmogorov (FPK)  equation,

The FPK equation corresponding to the system (1. 22), (2.4) will assume the form

(P (L;, s) is the distribution density of the probabilities [; (s) at the point s)

oP 4L 3L%\ 9P opP 2P

o P3P+ (bt ) g gy — A =0 9
In the same manner we can obtain stochastic differential equations of the type (2, 3)
from the relations (1. 18), (1.20) and (1. 23), and write the density distribution equa-
tion for this system.

Let us inspect some cases in which the solutions of the FPK equation are simple,
Let the elastic properties of the medium vary only in the direction of the ray on §,
and remain constant along the front !, Then

Q(s) = Qox{s)y, Qo =100, % (s) = (1—20s)2

where Q, denotes the curvature of ! at the initial instant,
We consider two models of the stochastically inhomogeneous medium

1) d(InR)/ds=4q(s); 2)d(InR)/ds=InR+ gq(s)
For the model 1) the logarithm of intensity satisfies the stochastic equation
dH [ ds= Qx (s) +q(s), H=1InX
and the solution of the corresponding equation for the distribution density has the

form
1 H—Hy—11n%
P(H,S)= -‘/m exp {_ 04A32 n (3) } (2. 7)

The longitudinal correlation H is calculated asin [9], and this gives

KH (5) H (') = 24s" 4+ [Hy + Yy Inn (s")]2 —
Yo [Hy + Yo lnn (s [Inx (') — Inx ()], (s> 5')
By virtue of (2. 7), the one-dimensional distribution density PM (X, s) can be writ-
ten in the form
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PUO(X, 5) =

T I L 00 SRS LIS

2X Vs 4As

For a model of the medium described by condition 2), we obtain a similar ex~
pression in which the quantity 24s must be replaced by ¢* (s) and

02 (s) = 1/, [1 — exp (— 445s)]

We note that in the case of model 2) the intensity of the plane wave has the follow~
ing steady state distribution;

Xo X2
P = e {(in <) |

We can see that the intensity of the surface front has a logarithmic-normal distribu-
tion just as in the case of the volume waves [9], sStatistical observations of the wave
intensities in a stochastic medium confirm the feasibility of the models under investiga-
tion. The defining equations (2, 2) contain all classes of media for which the distribu-
tion densities of certain functions of random velocities ¢{s), ¢ () and e, {s) can
be described by the Pearson curves [12].

Construction of the corresponding models and use of the Markovian approximations
is based on the introduction of a small parameter expressing the relationship connect-
ing the scale of variation of certain quantities depending on the elastic coefficients,
with the characteristic dimensions of the dynamic and geometrical parameters of the
problem, This condition is expressed mathematically in the assumption of the § -
correlation properties of the functions of the elastic moduli along the ray. The
distribution of the elastic parameters is, in this case, close to the logarithmic-normal
which occurs e. g. in the case of rocks. Under the assumptions made, the influence
of the statistical properties of the inhomogeneity of the medium across the ray was
excluded. In the case of a stochastic surface . , the statisticl dependence on the
coordinates of § must also be taken into account,
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